Abstract. The purpose of this paper is to study the canonical foliations of a quaternion CR-submanifold of a quaternion Kähler manifold.
Introduction
CR-submanifolds of Kähler manifolds were introduced in [4] by Bejancu. They appear as generalization both of totally real and of holomorphic submanifolds of Kähler manifolds.
This notion was further extended in the quaternion settings by Barros, Chen and Urbano ( [3] ). They consider CR-quaternion submanifolds of quaternion Kählerian manifolds as generalizations of both quaternion and totally real submanifolds.
If M is a quaternion CR-submanifold of a quaternion Kähler M , then two distributions, denoted by D and D ⊥ , are defined on M . It follows that D ⊥ is always integrable (and of constant rank) i.e. is tangent to a foliation on M . Necessary and sufficient conditions are provided in order that this foliation became totally geodesic and Riemannian, respectively.
The paper is organized as follows: in Section 2 one reminds basic definitions and fundamental properties of quaternion CR-submanifolds of quaternion Kähler manifolds.
Section 3 allows techniques that will be proven to be useful to characterize the geometry of D and D ⊥ ; conditions on total geodesicity are derived. Section 4 deals with CR-quaternion submanifolds that are ruled by respect to D ⊥ . Section 5 studies the case where D ⊥ is tangent to a Riemannian foliation. In the last section, QR-products in quaternion space forms are studied. A characterization of such submanifolds is given.
Preliminaries on quaternion CR-submanifolds
Let M be a differentiable manifold of dimension n and assume that there is a rank 3-subbundle σ of End(T M ) such that a local basis {J 1 , J 2 , J 3 } exists of sections of σ satisfying:
Then the bundle σ is called an almost quaternion structure on M and {J 1 , J 2 , J 3 } is called canonical local basis of σ. Moreover, M is said to be an almost quaternion manifold. It is easy to see that any almost quaternion manifold is of dimension n = 4m.
A Riemannian metric g is said to be adapted to the almost quaternion structure σ if it satisfies:
for all vector fields X,Y on M and any local basis {J 1 , J 2 , J 3 } of σ. Moreover, (M , σ, g) is said to be an almost quaternion hermitian manifold. If the bundle σ is parallel with respect to the Levi-Civita connection ∇ of g, then (M , σ, g) is said to be a quaternion Kähler manifold. Equivalently, locally defined 1-forms ω 1 , ω 2 , ω 3 exist such that:
The sectional curvature for a half-quaternion 2-plane is called quaternion sectional curvature. A quaternion Kähler manifold is a quaternion space form if its quaternion sectional curvatures are equal to a constant, say c. It is well-known that a quaternion Kähler manifold (M , σ, g) is a quaternion space form (denoted M (c)) if and only if its curvature tensor is:
for all vector fields X, Y, Z on M and any local basis {J 1 , J 2 , J 3 } of σ.
Remark 2.1. For a submanifold M of a quaternion Kähler manifold (M , σ, g), we denote by g the metric tensor induced on M . If ∇ is the covariant differentiation induced on M , the Gauss and Weingarten formulas are given by:
where B is the second fundamental form of M , ∇ ⊥ is the connection on the normal bundle and A N is the shape operator of M with respect to N . The shape operator A N is related to h by:
for all X, Y ∈ Γ(T M ) and N ∈ Γ(T M ⊥ ). If we denote by R and R the curvature tensor fields of ∇ and ∇ we have the Gauss equation:
A submanifold M of a quaternion Kähler manifold (M , σ, g) is called a quaternion CR-submanifold if there exists two orthogonal complementary distributions D and D ⊥ on M such that: i. D is invariant under quaternion structure, that is:
ii. D ⊥ is totally real, that is:
We remark that condition ii. above implies that J α (D 
Let M be a quaternion CR-submanifold of a quaternion Kähler manifold (M , σ, g). The we say that:
iii. M is mixed geodesic if:
We recall now the following result which we shall need in the sequel.
Theorem 2.4. ([3]) Let M be a CR-submanifold of a quaternion Kähler manifold (M , σ, g). Then: i. The totally real distribution D ⊥ is integrable. ii. The quaternion distribution D is integrable if and only if M is D-geodesic.
A distribution D in a Riemannian manifold is called minimal if the trace of its second fundamental form vanishes.
We will illustrate here some of the techniques in this paper on the following proposition (see also [8] , [11] ).
Proof. Take X ∈ Γ(D) and U ∈ Γ(D ⊥ ). Then we have:
Now for the quaternion distribution D one takes local orthonormal frame in the form {e i , J 1 e i , J 2 e i , J 3 e i } and summing up over i will give the assertion.
Totally real foliation on a quaternion CR-submanifold
Let M be a quaternion CR-submanifold of a quaternion Kähler manifold (M , σ, g). Then we have the orthogonal decomposition:
We have also the following orthogonal decomposition:
where µ is the subbundle of the normal bundle T M ⊥ which is the orthogonal complement of:
Since the totally real distribution D ⊥ of a quaternion CR-submanifold M of a quaternion Kähler manifold (M , σ, g) is always integrable we conclude that we have a foliation F ⊥ on M with structural distribution D ⊥ and transversal distribution D. We say that F ⊥ is the canonical totally real foliation on M . 
Proof. For X, Z ∈ Γ(D ⊥ ) and Y ∈ Γ(D) we have:
where (α, β, γ) is an even permutation of (1,2,3) , and taking into account of (7) we obtain:
and from (14) we derive: (14) we derive:
This equivalence is clear from (7). iii. ⇔ iv.
This equivalence is true because A N is a self-adjoint operator.
Corollary 3.2. Let F ⊥ be the canonical totally real foliation on a quaternion CRsubmanifold M of a quaternion Kähler manifold (M , σ, g). If M is mixed geodesic, then F
⊥ is totally geodesic.
Proof. The assertion is clear from Theorem 3.1.
Corollary 3.3. Let F ⊥ be the canonical totally real foliation on a quaternion CRsubmanifold M of a quaternion Kähler manifold (M , σ, g) with µ = 0. Then M is mixed geodesic if and only if F
Proof. The assertion is immediate from Theorem 3.1.
Totally real ruled quaternion CR-submanifolds
A submanifold M of a Riemannian manifold (M , g) is said to be a ruled submanifold if it admits a foliation whose leaves are totally geodesic immersed in (M , g). 
iii. The subbundle µ ⊥ is D ⊥ -parallel, i.e:
and the second fundamental form satisfies:
iv. The shape operator satisfies:
and
Proof. i. ⇔ ii. For any X, Z ∈ Γ(D ⊥ ) we have:
and thus we conclude that the leafs of D ⊥ are totally geodesic immersed in M iff h ⊥ = 0 and M is D ⊥ -geodesic. The equivalence is now clear from Theorem 3.1. i. ⇔ iii. For any X, Z ∈ Γ(D ⊥ ), and U ∈ Γ(D) we have:
where (α, β, γ) is an even permutation of (1,2,3), and taking into account of (7) we obtain:
On the other hand, for any X, Z, W ∈ Γ(D ⊥ ) we have:
and N ∈ Γ(µ), then we have:
and thus we obtain:
and by using (15), (16) and (17) we deduce the equivalence. ii. ⇔ iv. This is clear from (7).
Corollary 4.3. Let M be a quaternion CR-submanifold of a quaternion Kähler manifold (M , σ, g). If M is totally geodesic, then M is a totally real ruled quaternion CR-submanifold.
Proof. The assertion is clear from Theorem 4.2.
Riemannian foliations and quaternion CR-submanifolds
Let (M, g) be a Riemannian manifold and F a foliation on M . The metric g is said to be bundle-like for the foliation F if the induced metric on D ⊥ is parallel with respect to the intrinsic connection on the transversal distribution D ⊥ . This is true if and only if the Levi-Civita connection ∇ of (M, g) satisfies (see [5] ):
If for a given foliation F there exists a Riemannian metric g on M which is bundle-like for F, then we say that F is a Riemannian foliation on (M, g). 
for any U, V ∈ Γ(D) and α = 1, 2 or 3, where (α, β, γ) is an even permutation of (1, 2, 3) .
Proof. From (18) we deduce that g is bundle-like for totally real foliation F ⊥ iff:
On the other hand, for any X ∈ Γ(D ⊥ ), U, V ∈ Γ(D) we have:
where (α, β, γ) is an even permutation of (1,2,3), and taking into account of (7) we derive: 
for any U, V ∈ Γ(D) and α = 1, 2 or 3, where (α, β, γ) is an even permutation of (1, 2, 3 ).
Proof. The assertion is immediate from Theorem 5.1. 
for any U, V ∈ Γ(D) and α = 1, 2 or 3, where (α, β, γ) is an even permutation of (1, 2, 3).
Proof. The proof follows from Corollary 3.3 and Corollary 5.2.
QR-products in quaternion Kähler manifolds
From Theorem 2.4 we deduce that any D-geodesic CR-submanifold of a quaternion Kähler manifold admits a σ-invariant totally geodesic foliation, which we denote by F. Proof. The assertion is immediate from Theorem 6.2.
for any unit vector field X ′ ∈ Γ(D). Thus we conclude that the the leaves of the foliation F are of constant quaternion sectional curvature c.
The proof is now complete from (24) and (28).
